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Abstract—This paper provides a dual domain derivation of the
error exponent of maximum mutual information (MMI) decoding
with constant composition codes, showing it coincides with that of
maximum likelihood decoding for discrete memoryless channels.
The analysis is further extended to joint source-channel coding,
demonstrating that the generalized MMI decoder achieves the
same random coding error exponent as the maximum a posteriori
decoder.

I. INTRODUCTION

The random coding error exponent is defined as the asymp-
totic limit of the negative normalized logarithm of the expected
error probability, given by

1
Er(R) £ lim _710gﬁ€a (1)

n—oo N

where R is the coding rate, and p. denotes the average error
probability over all codebooks in the ensemble.

When messages are equiprobable, Csiszdr and Korner [1,
Theorem 10.2] (see also Gallager [2, Section 6]) showed that,
for discrete memoryless channels (DMCs) and under constant-
composition coding, the maximum mutual information (MMI)
decoder achieves the same random coding error exponent as
the maximum likelihood (ML) decoder. The MMI decoder
is a suboptimal mismatched decoder that does not know the
channel transition probability and yet attains the same error
exponent as ML decoding. This notion of optimality with
respect to the random coding error exponent is commonly
termed as universality.

Csiszar and Korner’s expression results in the minimization
over joint distributions subject to specific constraints. These
expressions are typically referred to as primal domain, and
are typically obtained using the method of types [1, Chap-
ter 2]. Instead, dual expressions are commonly formulated as
maximizations over auxiliary parameters, with key approaches
for deriving random coding bounds in the dual domain being
those of Gallager [3, Section 5.6] and Poltyrev [4]. A dual-
domain derivation offers notable advantages, such as enabling
achievable exponents to be obtained for any parameter choice
and providing a natural extension to arbitrary alphabets.
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Existing results of the MMI decoder have been limited to the
primal domain, as its multi-letter nature makes a dual-domain
analysis difficult. In this work, we revisit the universality of the
MMI decoder in channel coding by deriving its random coding
error exponent in the dual domain. We then extend our analysis
to joint source-channel coding (JSCC), where messages are
not equiprobable, by addressing the generalized MMI decoder
introduced by Csiszar [5]. To the best of our knowledge, such
dual-domain derivations for the MMI decoder have not been
previously appeared in the literature.

II. NOTATIONS

In this paper, scalar random variables are denoted by up-
percase letters, their sample values by lowercase letters, and
their alphabets by calligraphic letters. Random vectors are
represented in boldface. For two positive sequences f,, and
Gn» We write fr, = gy, if lim,, o + log g" = 0, and we write
fn S g if lim SUPp 00 ylL log Z;: <0.

The type of a sequence * = (x1,...
empirical distribution, defined by

R B
:E;n{xi_:c}. 2)

JXTp) € XM s its

Similarly, the joint type and cond1t10nal types of a pair of
sequences are denoted by Py, Py, and Pm‘y, and are defined
in an analogous manner. Throughout this paper, we use Py (x)
for convenience to represent Py(x) = T, P, (z;). Observe
that Py(x) = exp(—nH(P,)), where H(P) represents the
entropy of the distribution P. The set of all probability
distributions on an alphabet X’ is denoted by P(X’), while
Pn(X) represents the set of empirical distributions (types) for
vectors in X™. It is shown in [1, Lemma 2.2] that the total
number of types grows polynomially with n, which implies
|Pn(X)| = 1. For Px € P,(X), the type class 7" (Px)
consists of all sequences in X with type Px. It is shown
in [1, Lemma 2.3] that |7"(Px)| = exp(nH(Px)). Under
the constant-composition random coding ensemble with input
distribution @ x, the codewords are independently drawn from
the codeword distribution

Px(a) = —



III. CHANNEL CODING

We study communication over a DMC W. A codebook C,
consists of M codewords C,, = {x(1),...,z(M)}, where
each codeword z(m) € X™ for m € {1,..., M}. The code
rate R is defined as R = %bgM , measured in nats per
channel use. A message m is selected equiprobably from
{1,..., M}, and the corresponding codeword x(m) is sent
through the channel. The channel produces an output sequence
vy = (Y1,---,Yn) € V" based on the conditional probability
W™(y|z) = T1"_, W(yi|z;). In [1, Chapter 10], Csiszar and
Korner used the method of types [1, Chapter 2] to show that the
MMI decoder achieves the same random coding error exponent
as the ML decoder. In this section, we redrive this result in
the dual domain.

Given the channel output y, the MMI decoder selects the
message M that maximizes the mutual information induced by
the joint type between y and each of the codewords,

m = argmax I(lf’w(m)y), (€))]
mée{l,....M}

where Pm(m)y denotes the joint type of x(m) and y. This

decoder is equivalent to selecting the message that maximizes

the conditional type. To see this, observe that

argmax I(Pm(m)y)
me{l,...,M}

R &)
= argmax exp (”I(Pm(m)y)>
mG{l,.‘.,]\l}
= argmax exp (n [H(Py) — H(Pym(m))}) (6)
me{l,.“,]v[}
= argmax exp <an(15y\w(m))). (7N
me{l,....M}

The equality in (7) follows from the fact that H (Py) acts as
a constant here, as it does not depend on m. Furthermore, the
conditional entropy H (Py|q(m)) can be expressed as

=Y nPy(myy(a,b)10g Pyjaim)(bla) (8)
(a.)

nﬁ’m(m)y(a,b)
= log H [ e (m) b|a} ©)
(@

—nH(Pmm m)

IOgH ylx(m) yz|xm,i)~ (10)

Thus, we conclude that this decoder selects the message m as

m = argmax H iz (m) (Wil Tm.i)- (11)

me{l,..
This form of the MMI decoder is more amenable for dual-
domain derivations.

Theorem 1. For a DMC W and rate R, under constant-
composition coding with Qx, we have

P iy exp (—n [E'(Qxp) — pR)). (1)

where

Eénl(QX7P)
1+p
~up-ior Y (Z Qx ()W (g]) T 7~ ¢'>
(13)
and ¢, = Zi Qx (z)r(x).

Proof. We begin with the random coding union (RCU) bound,
presented in [6, Theorem 1], which states that for a generic
decoding metric ¢, we have

pd = E[min {1, MP[¢(X,Y) > ¢(X.Y)|X,Y]}], (14)

where pJ denotes the average error probability under the
decoding metric gq. For the MMI decoder, we get

pemml;]E min 1 MP I(PXY) >1|X Y (15)
I(PXY
=K min{l MP{PYlX(YLX) > 1’X7Y]}]
Py x(Y]X)

(16)

Given that min{1l,2} < z” for z > 0 and p € [0, 1], we can
upper bound the expression for any p € [0, 1] as follows

n 5 < . 7. p

Hi:1 PiY\X(Yz|Xz) >1 ‘ X,Y] ] a7

[T Pyix (Vi Xy)

E [H?:l Py x (Y| X)) | Y}
[TiZ, pY\X(Yi|Xi)

pemnn <E [Mpp [

<E|M*

o (18)

where in (18) we applied Markov’s inequality. Observe that,
unlike standard dual-domain derivations, no tilting parameter
s is introduced. For a given y, [4, Lemma 2.1] allows us
to rewrite the expectation in the numerator of (18) as if the
distribution were i.i.d. with QQx, as follows

eT™(Qx)i=1

Recall thaE Qx = Pz, and note that fora e X and b € ),
we have Pz(a) y|w(b|a) = P, (b) w|y( a|b). Thus, the RHS
of (19) can be rewritten as

H y| X yz|X ]

2T (Qx) i=1
= Py(y) Z Z HPX|Y(ifi|yi) (21
P A:i::(:i:,y)eT"(F’) i=1

~ PXY:
Px=Qx,Py=PFy

(20)



=Ry Y, 1 (22)
Y
= Py(y), (23)

where PX|Y in (21) is the conditional distribution of X given
Y induced by the joint distribution Pgy. The 1 in (22)
appears because the product Hz 1 PX|Y(x1|yZ) simplifies to
exp(— nHP(X|Y)), while the size of the set {z : (Z,y) €
T™(P)} = exp(nHp(X|Y)), and these terms cancel each
other. Substituting this result into (18), we obtain

P, mmi & @ A fe H?:l I:)Y(YZ) ’ (24)
ITi=) Py ix(YilX0)

E[Nﬂ ( I, Px (X)) >p
[T Pxpy (X:]Y7)

For a given pair («,y), the conditional type can be written as

sz| (x|ys) —supHU x;|y:)-
i=1

i=1

(25)

(26)

To see this, note that for any U > Pw|y,

Hpac|y z|y1 - (HU z|yz ><l 1 U(-’17¢|y2) ) 27

Now, observe that the second term can be expressed as

N nﬁmy(a,b)
- Pmly(xi|yi) mly( ‘b)
PIY\IIY [ihad LN NES 28
Ut = U\ =
= oxp (nD(PaylUIR,)), (29)

where D(:|| - |-) denotes the conditional relative entropy, as
defined in [1, Eq. 2.4]. Hence, we have

|y x1‘yz = <HU mz|y7 )

Given that the relative entropy is always non-negative and (30)
holds for any U, we can take the supremum to obtain

(PaiylIUIPy) (30)

H'z:

n

m\y(wly ) > SUPH U(wily:),

i=1

(€29

with equality achieved when U = Pm|y. Recall that P, = Qx
under constant-composition coding. Thus,

[T, Qx(X.) )]
supg [T, UG [Y7) 32

P npR H:l: QX(Xl) P
= ”z}fE[e ’ (H‘;LfU(Xm) } 33)

ﬁemmi S E |:Mp (

where the dot in (33) arises because M = exp(nR). The upper
bound is obtained by moving the minimization outside the

expectation. To see this, observe that for any & € X", y € J",

and U, we have

n (5 P n (s P

mf(Q()> §<-Q (_wz>
U (z|y) U (z|y)

The result then follows by taking the expectation with respect
to (&,y) and subsequently minimizing over U on the RHS.
Taking advantage of constant-composition coding, we simplify
the expectation as follows

(i) |

(34)

(@) (35)
- W (yilz:) | ——=%
=X i S (S5 )
QX Ty
= - W (yla;) (36)
NN @XJI? v ( xy>
nQX
= W(yla
=% IS ”
37
nQx (z)
x(@)\’
lew ( |y>” / G

where (38) holds because the product term in (37) is identical
for all € T"(Qx). Accordingly, we have for any p € [0, 1],

p mmi < exp( [ mrnl(C2X7 ) ,ORD ; (39)
where
Eg™(Qx, p)
:sup—ZQX(x) logZW(y|x) (Qx(gc)>p (40)
P2 : Ulely)

For any non-negative function f defined on X, we have
Eflog f(X)] = inf,(, logE [m where ¢, = E[r(X)]
[7, Section 2.4.2]. With this approach, the outer expectation in
(40) can be moved inside the logarithm, resulting in

Eénml(QX7p)

= Supsup log Z Qx(z

Qx(x) >p
() (z.y) :

(y|$) <U(I|y)er($ —ér
41)

Qx(z) .
42)

To solve the optimization over U in (42), we move the
minimization inside the summation, yielding

. Qx(@) Y’
3 X QW )

= sup — loglnf Z Qx(z
r(.)

(z,y)

) (U(my)e“m =z
> Z Ul(n‘f)ZQX

Ot )" “

(U (x]y)er@)=or



The expression is convex in U, allowing us to apply [3,
Theorem 4.4.1]. This theorem guarantees that, for x € X and
some A, the optimal U*(.|y) satisfies

Q
QxtaWie) () el 00 < n e
resulting in the optimal solution
Ti5 o115 [M(®)—¢7]
x + 1+p
*(x\y): QX( ) (y‘ ) — ) (45)
Y5 Qe (@)W (yf) T ers 1 =0

Note that U™ is indeed the solution to the optimization problem
in (41). Setting U = U* in (41) provides a valid lower bound,
as U™ is potentially sub-optimal. However, as demonstrated,
U™ also satisfies the upper bound. Since the lower and upper
bounds are identical, this confirms that U* is the optimal
solution. Thus, by substituting U*, we obtain

. Qx(x) ’
2 ) (g

14p
_Z[ZQX W (y|z) e 1’;[r<x>—¢,,~1] .

By redefining r(z) := =5 + r(z), the optimization over r(.) re-
mains unchanged. Consequently, we can express EX™(Q x, p)
as

(46)

E(I)nmi(QXv p)

1+p
= sup- 1ogZ[ZQX W (yl) 7 ")~ ﬂ 7

47)
which is equal to EF*(Qx, p), as given in [8, Eq. (53)]. O
IV. JOINT SOURCE CHANNEL CODING

We now consider the transmission of non-equiprobable
messages with distribution P*(v) = Hle Py (v;), where
v = (vy,...,v;) € V¥ is the source message, and V is a finite
discrete alphabet The source messa%e set V¥ is partitioned into
Ny, disjoint subsets (or classes) Ak i=1,..., Ng, such that
vajl A,(CZ = V¥, where Nj can grow sub—exponentially with
k. We assume that each class AEJ), i = 1,..., N includes
one or more full type classes. For each source message v in
A,(j), the codewords x(v) € X™ are generated independently
and uniformly from the type class 7"(Q;), where the size
of the type class must satisfy |77(Q;)| \.A,(;)| for all
i =1,..., Ng. The work in [9, Theorem 1] derives the MAP
random coding error exponents for an arbitrary partition of
V* and recovers Csiszar’s exponent [5]. We next show that
the exponent of [9, Theorem 1] can be achieved with the
generalized MMI decoder, introduced by Csiszar in [5]. Given
the channel output y, the decoder selects the source message
v as follows

o = argmax [ (Py(p)y) — tH(Py), (48)

where t £ % Similarly to the MMI decoder in channel coding,
this decoder does not require knowledge of the source or
channel distribution. Following similar steps as in (5)-(11),
it can be shown that (48) is equivalent to

e )

ylx(v) ye|% Z)) . (49
Theorem 2. For a given partition AW = 1,..., Ny,
and associated random-coding distributions Q;, the average
probability of error satisfies

N
p < exp ( max
‘ ; pi€[0,1]

(et @) 070} )
(50
. 1+
where E{" (p, P*) £ log (ZveA(@ Pk(v)ﬁ) ’

Proof. We begin with the extended RCU bound for joint
source-channel coding, given in Eq. 26 of [9], and adapt it
to the generalized MMI decoder as follows

N
M <Y (51)
i=1
where
& = Z Z P z)W"(y|x)
'UEA,(;) (z,y)
Nk ) (52)
i Y Y e
J= l’UEA(]) wP (0) y\m( |)
> Py (v) Py)o (y|)

and P)(? (x) denotes the constant-composition ensemble dis-
tribution, as defined in (3) for @;. Next, we use Markov’s
inequality, once again without applying tilting, to obtain

- P5(0) Py iz (y|)
Z P (z) <ZPJ) <()>
2:P5(0) Py 2 (y]2) Py (0) Pyl (ylo)
> Py (0) Pyjo (yl2)
(53)

We can again follow similar steps as in (19)-(23), using [4,
Lemma 2.1], to obtain

ZP” 2) Py (y|Z) < Py(y). (54)
Thus, we have
g< Y Piw ZP(Z YW (y|x)
UGA(i)
5, () 43
X min % .
g (ZZ )



Let A; denote the set of all possible types of source sequences
in .A,(CZ) (i.e., A; C Pr(V)). Consequently, the summation in
the minimum function simplifies to

3% Al zzz

jzlf;eAgj) J=1PeA; veTk(P

Ny
ZZ > exp(—kH(P)) (57)

1 PeN; veTk(P)

d o1
1 Pen;
) 59)

(56)

I
Mz T

(58)

Il
—_ <

where the 1 in (58) arises from the fact that |7%(P)| =
exp(kH(P)), and the final dot equallty holds because the
number of possible types in .A,c and Nj both grow sub-
exponentially with k. Hence, similarly to (25) we have

Zpk ZP()

veAd (@)

X min {1, Apcf(w)} .
Pv('u)Pwly(wly)

Observe that P, = Q;, and recall the inequality min{1,z} <

W (ylz)

(60)

xf for x > 0 and p € [0, 1]. Hence, for any p; € [0, 1],
Pi
_ W (ylex) Qi (z)
a<) P ). s -
vedd  (@ET(Qi)y) 77(Q0)] Py (v) Pepy(z]y)
(61)

Recall the equivalent representation of [:’w|y(w|y) given in
(26). Substituting this representation, we can further upper
bound &; as follows

_ P*(v)

i < e

£ <UEZA§;) P,,(’U)Pi)
X (irz}f Z

(z€T™(Qi):y)

(62)

i () )

Observe that the second term in (62) is identical to the
expression in (35), and thus,
P*(v)

& < ( Z W) exp(—n

veAEc )
It remains to be shown that the first term in (63) is upper
bounded by exp (Eb@ (pi, pk )) To this end, we have

> L S

veA? o PeN; veTH(P

Eg(Qi, pi)- (63)

(64)

€ TF(P), we have % =
exp (k Sy P(B) log £l ) and |T*(P)| = exp(kH(P)).

Consequently, (64) simplifies to

Z Zexp (kZP )STP ) . (65)

’UE.A( ) bev

Observe that for v

The exponential term on the RHS of (65) can be rewritten as

Py (b
exp(kZP IOg((;/)ng)pi>

bevy

1 1+p; (66)
= [exp (kZP log(b()l;;m)]
bev
1+p;
= [ 3 Pk('v)”rlm} : (67)
veT*(P)

Substituting this back into (64), we have

P (v) s
S D l > P’“(v)%] (68)
veAl?) Py(v)e: Pel; LveTk(P)
1+p;
< [ PIEDD P’“(vwﬁm] (69)
PcA; veTk(P)

(70)

1+P1
[ > P’“@M] ,
veA;“
where in (69), we used >, al < (>0, a;)" for r > 1 [3,
Problem 4.15.f]. By combining these results and minimizing
over p;, we obtain

& < exp (— max {nER(Q:, pi) — BY) <pi,P’f)}> . (71)
pi€[0,1]
thus concluding the proof. O
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